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Abstract
Let b∗(Γ ) be the bridge index for a spatial embedding Γ : θn → R3 of a theta n-curve (n  3),
and Γ #K the connected sum of a spatial theta n-curve Γ and a knot K along the nth edge of Γ .
In this paper, we will study interactions between the bridge index for Γ #K and those for Γ,K .
Our main theorem, Theorem 0.3, shows that η(Γ,K) = b∗(Γ ) + b∗(K) − b∗(Γ #K) satisfies
1 η(Γ,K) b∗(K). This estimate is best possible. In fact, it is shown that, for any integers m,s
with 1m s, there exists a spatial theta n-curve Γm,s satisfying η(Γs,m,K)=m for any s-bridge
knot K . We also present a connected sum formula on the bridge index for spatial theta n-curves
obtained from an unknotted theta n-curve In by adding local knots to all the edges of In, which
generalizes Schubert’s result in [Math. Z. 61 (1954) 245–288] on the bridge index for composite
knots.
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For an integer n 2, a theta n-curve θn is a CW-complex which consists of two vertices
v1, v2 and n edges e1, e2, . . . , en connecting v1 with v2. Each edge of θn has the orientation
directed from v1 toward v2. Any embedding Γ : θn → R3 of θn is always assumed to be
piecewise linear with respect to a simplicial subdivision of θn. We often abuse the notation
so that the images Γ (θn),Γ (vi),Γ (ej ) in R3 are simply represented by Γ,vi, ej .
A connected sum of an embedding Γ : θn→ R3 and an oriented knot K in R3 along the
ith edge ei of Γ is denoted by Γ #eiK , see Section 1 for the definition. For simplicity, we
denote a connected sum Γ #enK along the nth edge en by Γ #K .
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The bridge index b∗(Γ ) for an embedding Γ : θn → R3 is defined by Goda [1], which
coincides with the classical bridge index for knots in R3 when n = 2. The main aim of
the present paper is to study connections between the bridge index of Γ #K and those of
Γ,K . For our purpose, we set η(Γ,K)= b∗(Γ )+ b∗(K)− b∗(Γ #K). Schubert [3] shows
that, for any knots K,K ′ in R3, the equality b∗(K#K ′)= b∗(K)+ b∗(K ′)− 1 holds. This
implies that, when n= 2, η(Γ,K) is always one. As was suggested in Soma and Tsuno [4],
for n = 3, there exists an embedding Γ : θ3 → R3 and a knot K such that η(Γ,K) takes
an arbitrarily large value. The first assertion of the following theorem gives an estimate
of η(Γ,K) in terms of b∗(Γ ) and b∗(K). Moreover, the second shows that the estimate is
best possible when n 3.
Theorem 0.1. Suppose that n is any integer with n  3. Then, the following (i) and (ii)
hold.
(i) For any embedding Γ : θn → R3 and any knot K in R3, η(Γ,K) satisfies 1 
η(Γ,K) b∗(K).
(ii) Let m and s be any integers with 1  m  s. Then, there exists an embedding
Γs,m : θn→ R3 satisfying η(Γs,m,K)=m for any s-bridge knot K .
In the extremal case of m= s, the theta n-curve Γs := Γs,s satisfies the following.
Corollary 0.2. Let n, s be any natural numbers with n 3. Then, there exists an embedding
Γs : θn→R3 satisfying b∗(Γs)= b∗(Γs#K) for any s-bridge knot K .
This corollary implies that, for any n  3, we have a spatial theta n-curve Γ whose
bridge index is invariant under the connection of any s-bridge knot along the nth edge of Γ .
The following theorem is a generalization of Schubert’s formula [3] on the bridge index
for composite knots.
Theorem 0.3. Let Γ : θn → R3 (n  2) be an embedding obtained from an unknotted
θn-curve In by connecting an si -bridge knot to the ith edge ei of In for each i ∈ {1, . . . , n}.
Then, the equality b∗(Γ )=∑ni=1(si − 1)+ 1 holds.
In the proof of Schubert’s formula, he studied a deformation of embedded tori in
R3 −K#K ′ toward their being in ‘standard position’ without changing the bridge number
of the bridge representation of K#K ′. For the proof of Theorem 0.3, we use a similar
deformation of local spheres each of which meets an edge of Γ transversely in two points.
1. Preliminaries
Let R3 be the 3-dimensional Euclidean space with the (x, y, z)-coordinate, and
prver : R3 → R the orthogonal projection with prver(x, y, z) = z. A non-empty subset
A ⊂ R3 is higher (respectively lower) than a non-empty B ⊂ R3 if, for any x ∈ A and
y ∈B , prver(x) > prver(y) (respectively prver(x) < prver(y)).
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Fig. 1.1.
An embedding α : [t1, t2] → R3 is vertically monotone if the composition prver ◦
α : [t1, t2]→R is a strictly monotone function. An arc α in R3 is called vertically monotone
(for short v-monotone) if α is the image of a v-monotone embedding.
One can always assume that any embedding Γ : θn→ R3 admits a subdivision θ ′n of θn
such that, for any edge e of θ ′n, the restriction prver ◦ Γ |e : e → R is v-monotone (if
necessary deforming Γ slightly by ambient isotopy). For short, the images Γ (θn),Γ (vi)
and Γ (e) are denoted respectively by Γ,vi and e when it does not cause any confusion.
A point x of Γ is maximal (respectively minimal) in Γ if prver ◦Γ : θn→ R takes a locally
maximum (respectively minimum) value at x . If x ∈ Γ is either maximal or minimal, then
it is called an extreme point of Γ . A v-monotone span α of Γ is a v-monotone simple arc
in Γ such that each end point of α is an extreme point of Γ .
We set R3+ = {p ∈ R3 | prver(p)  1}, R3− = {q ∈ R3; prver(q)  −1} and R30 = {r ∈
R3; −1  prver(r)  1}. A graph G embedded in R3 (respectively R3±) is said to be
unknotted if G is properly ambient isotopic to a graph contained in R2 (respectively
R2± = R2 ∩ R3±), where R2 = {(x,0, z); x, z ∈ R}. An embedding Γ : θn → R3 is in
bridge position (for short in b-position) if both Γ ∩ R3± are unknotted in R3± and whose
components consist of proper arcs and a single star of order n, and if each component of
Γ ∩ R30 is a v-monotone proper arc in R30, see Fig. 1.1. The bridge number b(Γ ) of Γ
in b-position is the number of components of Γ ∩ R3+. It is not hard to show that any
embedding of θn is ambient isotopic to an embedding in b-position. The bridge index
b∗(Γ ) for Γ is the minimum bridge number b(Γ ′) among all spatial embeddings Γ ′
of θn in b-position ambient isotopic to Γ . In the case of n= 3, the bridge index is studied
by Goda [1] and Motohashi [2], and interactions between b∗(Γ ) and the curvature index
κ∗(Γ ) introduced by Taniyama [5] are given in Soma and Tsuno [4, Theorem 1]. Note that
b∗(Γ )= 1 if and only if Γ : θn→ R3 is unknotted. This fact is given in [1, Propositon 2.2]
when n= 3. The proof still works even in the case of n = 3.
We say that an embedding Γ : θn → R3 is in pseudo-bridge position (for short in
pb-position) if one of the two vertices of Γ is maximal and the other vertex is minimal.
Then, the number of maximal points of Γ is denoted by bˆ(Γ ). Let bˆ∗(Γ ) be the minimum
number of bˆ(Γ ′) for theta n-curves Γ ′ in pb-position ambient isotopic to Γ . Obviously, we
have bˆ∗(Γ ) b∗(Γ ). Any Γ in pb-position is ambient isotopic to Γ ′ in b-position without
generating new extreme points by rearranging the positions of all maximal (respectively
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minimal) points of prver ◦ Γ so that they take simultaneously the maximum (respectively
minimum) value of prver ◦Γ . This implies that bˆ∗(Γ )= b∗(Γ ).
Let Γ be a spatial embedding of θn and K an oriented knot in R3. A 2-sphere S in R3
bounds two simply connected 3-manifolds B1 and B2. One of the two is a 3-ball and
the other is a once-punctured 3-ball. Deform Γ and K by ambient isotopy so that they
satisfying the following conditions (i) and (ii).
(i) Γ ⊂ B1 and K ⊂ B2.
(ii) The intersection l = Γ ∩K is an arc with l = S ∩ Γ = S ∩K such that l is contained
in the interior of the ith edge ei of Γ , and the orientations of ei and K are mutually
opposite on l.
Then, the graph Γ ∪K − Int l in R3 is called a theta n-curve obtained by the connected
sum of Γ and K along ei and denoted by Γ #eiK , see Fig. 1.2. The Γ #eiK can be regarded
as an embedding Γ #eiK : θn → R3 with Γ #eiK|θn − l = Γ |θn − l. Note that the ambient
isotopy type of Γ #eiK is uniquely determined from those of Γ and K . For simplicity, we
denote the connected sum Γ #enK along the final edge en merely by Γ #K .
2. Spheres in standard position
Our arguments in this section are based on those in Schubert [3]. He considered
deformations of tori in the complement of composite knots without changing the bridge
number which make these tori eventually in standard position. Similarly, we will consider
a deformation of 2-spheres bounding local knots K of spatial theta n-curves in pb-position
without changing the pseudo-bridge number. A crucial difference between our arguments
and those of Schubert’s is that the deformed 2-sphere S meets Γ #K transversely in two
points.
First of all, let us compactify R3 by the closed interval I = {−∞} ∪ R ∪ {∞}. For
x ∈ R, Ex = pr−1ver(x) is the horizontal plane in R3 of height x . The union Êx = Ex ∪ {x}
can be regarded as a one-point compactification of Ex so that Êx is homeomorphic to
a 2-sphere. Then,
⋃
x∈R Êx = R3 ∪ R is homeomorphic to S2 × R with respect to the
naturally extended topology. The compactified space S3 of R3 ∪ R by the two points
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∞,−∞ is homeomorphic to a 3-sphere. Since the interval I = S3 − R3 is collapsible
to a single point in S3, any two embeddings Γ,Γ ′ : θn → R3 are ambient isotopic to each
other in R3 if they are so in S3. For any q ∈ R3, we set Êq = Êx if x = prver(q).
Throughout this section, any closed surface F in R3 is in general position if necessary
slightly deforming F by an ambient isotopy. This means that the restriction prver|F :F →
R is a Morse function, that is, prver|F has finitely many critical points each of which is
non-degenerate. We also assume that no critical points of prver|F have the same value.
Let Σ(F) be the set of critical points of prver|F . The order o(p) of p ∈ Σ(F) is +1
(respectively −1) if p is an extreme point (respectively a saddle point). It is well known
that the euler characteristic χ(F) of F is equal to the total sum
∑
p∈Σ(F) o(p).
Suppose that S is a 2-sphere in R3 (in general position). For a p ∈Σ(S) with o(p)=
−1, there exist two simple closed curves s1, s2 in S ∩Ep with s1 ∩ s2 = {p}. These curves
s1, s2 bound disks H1,H2 in S with IntH1 ∩ IntH2 = ∅ and disks D1,D2 in Êp with
IntD1 ∩ IntD2 = ∅. The Hi for i ∈ {1,2} is called a hood of S if IntHi contains no saddle
point of prver|S, see Fig. 2.1. Then, Di is called a boundary disk of the hood. The 3-ball Y
in S3 bounded by Hi ∪Di and with IntY ∩D2−i = ∅ is called a solid hood covered by Hi .
The hood Hi ⊂ ∂Y is denoted by ∂+Y . Since χ(Hi) = 1, any hood Hi contains just one
extreme point. The complement Z = S − IntH1 ∪ IntH2, where the disks H1, H2 are not
necessarily hoods, is called a knee if IntZ contains no saddle points of prver|S, see Fig. 2.2.
These D1,D2 are called boundary disks of the knee. Since χ(IntZ) = 1, Z contains just
one extreme point.
Suppose that p,p′ ∈ Σ(S) are distinct saddle points such that S ∩ Êp and S ∩ Êp′
contain respectively simple closed curves s, s′ the union of which bounds an annulus A
in S with A∩ Êp = s and A∩ Êp′ = s′. Then, we say that A is a thigh between s and s′ if
IntA contains no saddle points. Since χ(A)= 0, A contains no extreme points. A disk D
in Êp with ∂D = s is parallel along A to a disk D′ in Êp′ with ∂D′ = s′ if the 2-sphere
Fig. 2.1.
Fig. 2.2.
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Fig. 2.3.
D ∪ A ∪ D′ bounds a 3-ball B in S3 with IntB ∩ (Êp ∪ Êp′) = ∅. Let us consider the
case when both the boundary components s, s′ of a thigh A are contained in the boundaries
of knees Z, Z′ respectively. Then, the triad (Z,A,Z′) is called a turnup if the boundary
disk D of Z with ∂D = s is not parallel along A to the boundary disk D′ of Z′ with
∂D′ = s′, see Fig. 2.3.
Definition 2.1. A 2-sphere S in R3 is in standard position if either S has no saddle points or
S has two hoods and no turnups. In the former case, Σ(S) consists of two extreme points,
and S is called ovoid.
Lemma 2.2. Any non-ovoid 2-sphere S in standard position is divided by simple closed
curves into two hoods H , H ′, m knees Z1, . . . ,Zm and m − 1 thighs A1, . . . ,Am−1 for
some m  1. Moreover, S bounds a 3-ball B in S3 such that all boundary disks of Hi ’s
and Zj ’s are properly embedded in B .
Proof. Note that the complement F = S − Int(H ∪H ′) contains no hoods. Since χ(F)=
0, F consists of a single knee if m = 1 and is an annulus if m  2. Moreover, for any
p ∈ Σ(S) with o(p) = −1, each simple closed curve s in S ∩ Êp with p ∈ s is non-
contractible in F . Otherwise, any contractible innermost s would bound a hood in F . This
implies that all such curves are parallel to either component of ∂F . Thus, these curves
divide F into knees and thighs. Suppose that H = A0,Z1,A1,Z2, . . . ,Am−1,Zm,Am =
H ′ are the continued sequence of knees and thighs of S. For i = 1,2, . . . ,m, the union
of Zi and the boundary disks of Zi bounds a 3-ball Bi in S3 with IntBi ∩ (Ai−1 ∪Ai)= ∅.
Since S contains no turnups, for j = 0,1, . . . ,m, the union of Aj and the pair of
boundary disks of Zj and Zj+1 mutually parallel along Aj bounds a 3-ball Cj in S3
with IntCj ∩ (Zj ∪ Zj+1) = ∅, where Z0 = Zm+1 = ∅. Note that IntBi ’s and IntCj ’s
are mutually disjoint. Otherwise, there would exist a boundary disk D for some Zi with
IntD ∩ S = ∅. Then, an argument quite similar to that in Fall 3 of [3, §6, Dritter Schritt]
implies that Σ(S) is an infinite set, a contradiction. In fact, the situation is illustrated in
Fig. 12 in [3]. Thus, the union B = C0 ∪B1 ∪C1 ∪ · · · ∪Bm ∪Cm is a 3-ball embedded in
S3 with ∂B = S. ✷
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Fig. 2.4. The arc α in (a) meets Y stably, and in (b) and (c) unstably.
Suppose that Γ,Γ ′ are theta n-curves in pb-position which belong to the same ambient
isotopy class. Such Γ,Γ ′ are said to be bˆ-ambient isotopic to each other if bˆ(Γ )= bˆ(Γ ′).
Throughout the remainder of this paper, for any pair (Γ,S) of a theta n-curve Γ and a
2-sphere S in S3, we suppose that Γ meets S transversely in two regular points of Γ and
Γ ∩ S contains no saddle points of S. Since the vertices v1, v2 of Γ are extreme points,
S ∩ {v1, v2} = ∅.
Suppose that a sphere S contains a hood ∂+Y which a v-monotone arc α meets
transversely in a single point. Let p be a unique extreme point of the solid hood Y . When p
is a maximal point, we say that α meets Y stably (respectively unstably) if α− Y is higher
(respectively lower) than α ∩ IntY , see Fig. 2.4. In the case of p minimal, α meeting Y
(un)stably is defined similarly. For a pair (Γ,S) with S in standard position,Γ meets a solid
hood Y of S stably (respectively unstably) if a v-monotone span α of Γ with α ∩ ∂+Y = ∅
meets Y stably (respectively unstably). Here, we recall that α is called a v-monotone span
of Γ in pb-position if the both ends of α are extreme points of Γ , but Intα contains no
extreme points.
The turnover trick given in the following sublemma is crucial in the proof of Lemma 2.4.
Sublemma 2.3. For a pair (Γ,S) as above with S in standard position, suppose that Γ
meets a solid hood Y of S in a single point unstably and a v-monotone span α of Γ meeting
∂+Y is not incident on a vertex of Γ in Y (cf. Fig. 2.4(b)). Then, (Γ,S) is bˆ-ambient
isotopic to (Γ ′, S) by an ambient isotopy whose support is contained in a small regular
neighborhood N(Y ) of Y in S3 and such that Γ ′ meets Y stably.
Proof. We may assume that a unique extreme point q of the hood H = ∂+Y is a maximal
point of S. Let ∆ be a properly embedded disk in Y slightly lower than Γ ∩H . Let Y∆ be a
3-ball in Y with ∂Y∆ ⊂ ∂Y ∪∆. The complement Y∆−{q} is homeomorphic to ∆×[0,1),
and admits a foliationF consisting of horizontal disk leaves. Let α be the v-monotone span
of Γ passing through Γ ∩ ∂+Y , and β a v-monotone arc in Y∆ connecting the higher end
point r of α with q such that β ∩ ∂Y∆ = {q} and β ∩ Γ = {r}. Deforming Γ by bˆ-ambient
isotopy whose support is contained in a small regular neighborhood of β in S3, one can
obtain a theta n-curve Γ0 such that q is a maximal point of Γ0, see Fig. 2.5. Let α0 be
the v-monotone span in Γ0 corresponding to α. Let Y−∆ ,F−,∆− be the mirror images of
Y∆,F ,∆ respectively. The double dY∆ = Y∆∪Y−∆ alongH is a 3-ball such that dY∆−{q}
admits the foliation dF with dF |Y∆ =F and dF |Y−∆ =F−. Each leaf of dF is a 2-sphere.
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Fig. 2.6.
Consider an embedding f :dY∆ → IntN(Y ) such that (i) f |Y∆ is the identity, (ii) the set
of critical points of f (L−) consists of a unique maximal point for any leaf L− ∈F−, and
(iii) α0 meets each leaf of f (dF) transversely in a single point. In particular, f (∆−) has
a unique maximal point s of f (dY∆). For short, we denote the images f (∆−), f (dY∆)
and f (dF) respectively by ∆−, dY∆ and dF . We set α1 = α0 ∩ dY∆ and {t} = ∂α1 −{q},
see Fig. 2.6(a). Consider a cone C in dY∆ with the vertex q and satisfying that C ∩L is a
small disk with Int(C ∩ L) ∩ Γ0 = L ∩ α1 for each leaf L of dF and the base C ∩ ∂dY∆
is contained in ∆−. Let ∆0 be a disk in Int∆ with ∆0 ∩ Γ0 = ∆ ∩ Γ0. One can have an
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ambient isotopy ϕ : dY∆ → dY∆ preserving leaves of dF such that (i) supp(ϕ) ∩∆0 = ∅,
(ii) ϕ(C) ⊃ Y−∆ and (iii) ϕ(α1) = α1, see Fig. 2.6(b). Since ϕ is leaf-preserving and
ϕ(Γ0 ∩ dY∆ − α1) ⊂ Y∆, for each maximal (respectively minimal, ordinary) point x of
Γ0 ∩ dY∆, ϕ(x) also a maximal (respectively minimal, ordinary) point of ϕ(Γ0 ∩ dY∆).
Let α′1 be the union of a v-monotone arc in ∆− connecting t with s and a v-monotone arc
in Y−∆ connecting s with q . Then, Γ ′ = (Γ0 −Γ0 ∩ IntdY∆)∪ ϕ(Γ0 ∩ dY∆− α1)∪ α′1 is a
theta n-curve satisfying the conditions of the present lemma, see Fig. 2.6(c). In fact, since
ϕ(C) ∩ ϕ(Γ0 ∩ dY∆) = α1, an isotopy between α1 and α′1 rel. ∂α1 in ϕ(C) is extended
to that between ϕ(Γ0 ∩ dY∆) and ϕ(Γ0 ∩ dY∆ − α1) ∪ α′1 in dY∆. Here, the equality
bˆ(Γ ′)= bˆ(Γ ) is derived from the fact that s becomes a new maximal point of Γ ′ instead
of q . ✷
Lemma 2.4. Any pair (Γ,S) with Γ in pb-position is bˆ-ambient isotopic to (Γ ′, S′) such
that S′ is in standard position. Moreover, either S′ is ovoid or each solid hood Y of S′
contains a vertex of Γ ′, and a v-monotone span α′ of Γ ′ with α′ ∩ ∂+Y = ∅ meets Y
unstably and is incident on the vertex (cf. Fig. 2.4(c)).
This lemma is proved by the argument similar to that in [3] except applying the turnover
trick given in Sublemma 2.3, so we will give only an outline of the proof. Hereafter, the
cardinality of a finite set X is denoted by |X|.
Outline of proof of Lemma 2.4. If S has a hood H with H ∩ Γ = ∅, then there is a
bˆ-ambient isotopy of (Γ,S) which strictly reduces |Σ(S)| as in [3, §5]. So, we may assume
that each hood of S meets Γ non-trivially. Since |S∩Γ | = 2, either S is ovoid or S has just
two hoods each of which meets Γ in a single point. Also in the case when Γ meets a solid
hood Y of S stably, one can reduce |Σ(S)| similarly by a bˆ-ambient isotopy of (Γ,S), see
Fig. 2.7. Thus, one can assume that Γ meets each solid hood of S unstably. When S has
two hoods H,H ′, as in the proof of Lemma 2.2, S − Int(H ∪H ′) consists of knees Zi and
thighs Aj . Since Γ ∩S ⊂H ∪H ′, any turnup Zi ∪Ai ∪Zi+1 is disjoint from Γ . Thus, one
can apply the technique of turnup cancellations in [3, §6] to the present case. Hence, one
Fig. 2.7.
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can reduce |Σ(S)| by a bˆ-ambient isotopy of (Γ,S) if S contains a turnup. This shows that,
if (Γ ′, S′) has the minimum |Σ(S′)| in the bˆ-ambient isotopy class of (Γ,S), then either S′
is ovoid or S′ is in standard position and Γ meets the solid hoods of S′ unstably. Moreover,
by Sublemma 2.3, either of the two v-monotone spans of Γ ′ meeting S′ non-trivially is
incident on a vertex of Γ ′. ✷
3. Proofs of Theorems 0.1 and 0.3
Throughout the remainder of this paper, we suppose that all theta n-curves are in
pb-position. In order to prove Theorem 0.1, we need the following four lemmas.
Lemma 3.1. For n 3, suppose that Γ ′n−1 is the (n− 1)-theta curve obtained from a theta
n-curve Γn by removing the ith edge ei of Γn. Then, the inequality
b∗(Γn)
σn,i + (n− 2)b∗(Γ ′n−1)− n+ 2
n− 1
holds, where σn,i =∑k∈{1,...,n}−{i} b∗(ei ∪ ek).
Proof. We may assume that i = n and bˆ(Γn)= b∗(Γn). For j ∈ {1,2, . . . , n}, let µj be the
number of maximal points in Intej . Since µk +µn+ 1 = bˆ(ek ∪ en) b∗(ek ∪ en) for any
k ∈ {1,2, . . . , n− 1},∑n−1k=1(µk +µn) σn,n − (n− 1). Now, we have
(n− 1)bˆ(Γn) = (n− 1)(µ1 +µ2 + · · · +µn + 1)
= (n− 2)(µ1 +µ2 + · · · +µn−1)+
n−1∑
k=1
(µk +µn)+ 1
 (n− 2)bˆ(Γ ′n−1
)+ σn,n − n+ 2.
Since bˆ(Γn)= b∗(Γn) and bˆ(Γn−1) b∗(Γ ′n−1), our desired inequality follows. ✷
Consider a theta n-curve Λn (n 2) as illustrated in Fig. 3.1, where the vertices v1, v2
of Λn are denoted respectively by ◦ and •. Let Λn,k (k = 1, . . . ,2j) be the part of Λn
contained in the kth dotted rectangle in Fig. 3.1. Each Λn,k consists of mutually disjoint
n arcs. In our argument, we often use the local deformation of theta n-curves presented in
Fig. 3.2. For example, by applying this deformation to Λ3,1,Λ3,3, . . . ,Λ3,2j−1, one can
ambient-isotope Λ3 to the theta 3-curve Λ′3 in Fig. 3.3. The extreme points of Λ′3 are
shown schematically in Fig. 3.4.
Lemma 3.2. For any integer j  0, b∗(Λn)= 1+ nj .
Proof. The proof is done by induction on n  2. In the case of n = 2, since Λ2 is the
connected sum of 2j 2-bridge knots, b∗(Λ2)= 1+ 2j . Here, we suppose that the equality
b∗(Λk)= 1+ kj holds for any k  n. One can identify Λn with the subgraph e1 ∪ · · · ∪ en
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Fig. 3.1. The complement Λn − IntN({v1, v2}) is the parallel connection of 2j copies of the part Λn,1 in the
leftmost dotted rectangle.
Fig. 3.2.
of Λn+1. Since ek ∪ en+1 (k = 1, . . . , n) is ambient isotopic to Λ2, b∗(ek ∪ en+1)= 1+2j .
Then, we have σn+1,n+1 =∑nk=1 b∗(ek ∪ en+1)= n(1+ 2j). From Lemma 3.1,
b∗(Λn+1)
n(1+ 2j)+ (n− 1)(1+ nj)− (n+ 1)+ 2
n
= 1+ (n+ 1)j.
On the other hand, one can deform Λn+1 by ambient isotopy to a theta (n + 1)-curve
Λ′n+1 such that the extreme points of Λ′n+1 are shown schematically in Fig. 3.5. Since
b∗(Λn+1)  bˆ(Λ′n+1) = 1 + (n + 1)j , b∗(Λn+1) = 1 + (n + 1)j . This completes our
induction. ✷
Let Γn be a theta n-curve obtained from Λn−1 by adding the nth edge en as in Fig. 3.6.
In particular, ek ∪ en is unknotted for any k ∈ {1,2, . . . , n− 1}.
Lemma 3.3. For any n 3, b∗(Γn)= 1+ (n− 1)j .
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Fig. 3.3.
Fig. 3.4.
Proof. Since Γn contains Λn−1, by Lemma 3.2, b∗(Γn) b∗(Λn−1)= 1+ (n− 1)j . One
can deform Γn by ambient isotopy to a theta n-curve Γ ′n with the extreme points as in
Fig. 3.7. Thus, we have b∗(Γn) bˆ(Γ ′n)= 1+ (n− 1)j . This completes the proof. ✷
Lemma 3.4. Let K be an s-bridge knot (s  2). If s  j + 1, then b∗(Γn#K)= s − j +
(n− 1)j .
Proof. We denote the image Γn#K(ek) simply by ek . Since b∗(ek ∪ en)= b∗(K)= s for
any k ∈ {1,2, . . . , n− 1}, σn,n =∑n−1k=1 b∗(ek ∪ en) is equal to (n− 1)b∗(K)= (n− 1)s.
Recall that Γn#K|e1 ∪ · · · ∪ en−1 =Λn−1, and b∗(Λn−1)= 1 + (n− 1)j by Lemma 3.2.
Thus, from Lemma 3.1, we have
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Fig. 3.5.
Fig. 3.6.
Fig. 3.7.
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Fig. 3.8.
Fig. 3.9. The extreme points of (Γn#K)′ not in the support of the deformation are labelled with [1], [2],
. . . , [2s − 2j − 3], [2s − 2j − 2].
b∗(Γn#K) 
(n− 1)s + (n− 2)(1+ (n− 1)j)− n+ 2
n− 1
= s − j + (n− 1)j.
For the proof of the reverse inequality, let us rearrange Γn and K so that bˆ(K)= b∗(K)
and Γn is higher than K . Consider two points p1,p2 in Γn#K with the same height which
are lower than Γn and higher than K , see Fig. 3.8. Let α be a unique arc in Γn#K with
∂α = {p1,p2} and α ∩ {v1, v2} = ∅. Take a small regular neighborhood N(α) of α in R3.
Move the parts Λn−1,1, . . . ,Λn−1,2j of Λn−1 ⊂ Γn#K contained in the dotted rectangles
in Fig. 3.8 into N(α) by ambient isotopy so that the extreme points of the resultant theta
n-curve (Γn#K)′ are shown as in Fig. 3.9. In this deformation, Λn−1,k (k = 1, . . . ,2j) are
transformed into small regular neighborhoods of mutually distinct extreme points of α. See
Fig. 3.10 for a typical example of such a deformation. Then, we have
b∗(Γn#K) bˆ
(
(Γn#K)′
)= 1+ (n− 1)j + (s − j − 1)= s − j + (n− 1)j.
This gives our desired equality. ✷
For a subset A of R3, let bˆ(Γ |A) denote the number of maximal points of Γ contained
in A.
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Fig. 3.10. The case of n= 4, s = 3 and j = 1.
Proof of Theorem 0.1. (i) If necessary rearranging the positions of Γ and K , we may
assume that Γ and K are contained in mutually opposite sides of an ovoid 2-sphere S, and
bˆ(Γ ) = b∗(Γ ), bˆ(K) = b∗(K). Moreover, the intersection l = Γ ∩K ⊂ S is assumed to
be a v-monotone span of K with l ⊂ Inten. Then, the theta n-curve Γ #K = Γ ∪K − Int l
satisfies
b∗(Γ #K) bˆ(Γ #K)= bˆ(Γ )+ bˆ(K)− 1 = b∗(Γ )+ b∗(K)− 1.
It follows that η(Γ,K)= b∗(Γ )+ b∗(K)− b∗(Γ #K) 1.
Now, we rearrange the position of Γ #K so that bˆ(Γ #K) = b∗(Γ #K). Let S be an
embedded sphere in R3 along which Γ and K are connected. If S is ovoid, then we have
obviously η(Γ,K) = 1. By Lemma 2.4, one can assume that S is a non-ovoid sphere
in standard position. Moreover, each v-monotone span of Γ #K meeting S non-trivially
passes through a solid hood of S unstably and is incident on a vertex of Γ #K , see
Fig. 3.11. Let B be a 3-ball in S3 bounded by S and containing the vertices of Γ #K .
Consider a re-embedding ϕ :B → R3 such that ϕ(S) is a 2-sphere in standard position
with Σ(ϕ(S))= ϕ(Σ(S)), x is a maximal (respectively minimal) point of Γ #K ∩B if and
only if ϕ(x) is a maximal (respectively minimal) point of ϕ(Γ #K ∩ B), and moreover,
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Fig. 3.11. The bold curve represents the arc Γ #K ∩ (S3 − IntB).
Fig. 3.12.
the 3-ball S3 − Intϕ(B) admits a v-monotone, unknotted arc α joining the two points in
ϕ(Γ #K ∩S), see Fig. 3.12. Similar re-embeddings are used in the proof of [4, Theorem 2].
Since ϕ(Γ #K ∩B)∪ α is ambient isotopic to Γ ,
b∗(Γ ) bˆ
(
ϕ(Γ #K ∩B) ∪ α)= bˆ(Γ #K|B) bˆ(Γ #K)= b∗(Γ #K).
It follows that η(Γ,K) b∗(K).
(ii) Consider integersm,s with 1m s and a knotK with b∗(K)= s. Let Γm,s be the
theta n-curve Γn given in Fig. 3.6 with j =m− 1. If s = 1 or equivalently K is unknotted,
then Γ1,1#K is ambient isotopic to Γ1,1. Thus, we have η(Γ1,1,K)= b∗(K) = 1. So, we
may assume that s  2. From Lemmas 3.3 and 3.4,
b∗(Γs,m)= 1+ (n− 1)(m− 1),
b∗(Γs,m#K)= s − (m− 1)+ (n− 1)(m− 1).
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It follows that
η(Γs,m#K)= b∗(Γs,m)+ s − b∗(Γs,m#K)=m.
This implies that the theta n-curve Γs,m satisfies the condition (ii). ✷
Proof of Theorem 0.3. Let In be an unknotted theta n-curve (n  2) with edges
e1, . . . , en. Suppose that B1, . . . ,Bn are mutually disjoint 3-balls in R3 such that Bi ∩ In
is a properly embedded, unknotted arc in Bi with Bi ∩ In ⊂ Intei . The complement
Ci = S3 − IntBi is a 3-ball containing the vertices v1, v2 of In. We set Si = ∂Bi . Note
that IntCi contains S1 ∪ · · · ∪ Sn − Si . The theta n-curve Γ given in the statement of
Theorem 0.3 is obtained from In by connecting local knots Ki (i = 1, . . . , n) in Bi
along Si . We denote the ith edge of Γ by fi . It is not hard to see b∗(Γ )
∑n
i=1(si−1)+1,
where si = b∗(Ki). So, we will show b∗(Γ ) ∑ni=1(si − 1)+ 1. At first, rearrange the
position of Γ so that bˆ(Γ )= b∗(Γ ). By the argument quite similar to that in Sublemma 2.3
and Lemma 2.4, one can assume that each Si is in standard position. Moreover, if Si is not
ovoid, then Si has two solid hoods Yiε (ε = 1,2) such that the v-monotone span in fi
incident on vj meets ∂+Yiε unstably in a single point. Let Diε,D′iε be the boundary disks
of the knee Ziε in Si adjacent to Yiε with ∂Diε ⊂ ∂+Yiε . Then, Diε ∩D′iε consists of a
single saddle point piε of Si .
Here, let us consider the case when at least two of Si ’s, say S1 and S2, are non-ovoid.
We may assume that prver(p11) < prver(p21) < prver(v1). If D21 is not contained in Y11,
then D′21 is contained in Y11 and the 2-sphere ∂+Y21 ∪ Z21 ∪ D′21 bounds a 3-ball B
in S3 containing S2, see Fig. 3.13. Then, the v-monotone span β in f2 incident on v2
is disjoint from B . This contradicts that β meets ∂+Y21 ⊂ S2 non-trivially. Thus, we have
D21 ⊂ Y11 and hence Y21 ⊂ Y11. Since the v-monotone span γ in f1 incident on v1 is
disjoint from ∂+Y21 ⊂ S2, γ meets D21 non-trivially. If D′21 ⊂ Y11, then γ would meet
Fig. 3.13.
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Fig. 3.14.
Z21 ⊂ S2 non-trivially between γ ∩ ∂+Y11 and γ ∩ D21, a contradiction. It follows that
A=D′21 ∩ Y11 is an annulus. The loop ∂A− ∂D′21 bounds a disk ∆ in ∂+Y11. Then, the
2-sphere D21 ∪Z21 ∪A∪∆ bounds a 3-ball B ′ in C1 containing S2, see Fig. 3.14. Since
β ∩B ′ = ∅, this also gives a contradiction as above.
Thus, we may assume that S2, . . . , Sn are ovoid. If necessary by slightly deforming Γ ,
we may assume that the two point x+i , x
−
i of Γ ∩ Si have distinct heights, say prver(x+i ) >
prver(x
−
i ). For i = 2, . . . , n, let ∆i be a properly embedded, horizontal disk in Bi lower
than x+i and higher than x
−
i . The disk ∆i divides Bi into two “solid hoods” Y
+
i , Y
−
i
with ∂+Y±i  x±i . Since Bi contains no vertices of Γ , by using the turnover trick as in
Sublemma 2.3, one can suppose that Γ meets both Y+i and Y
−
i stably. Since Si (i =
2, . . . , n) is ovoid, there exists a v-monotone arc αi in Si connecting x+i with x
−
i so that the
knot (Γ ∩ Bi) ∪ αi is equivalent to Ki . It follows that bˆ(Γ |Bi)+ 1 = bˆ((Γ ∩ Bi) ∪ αi)
b∗(Ki)= si . Let Γ ′ be the theta n-curve defined by Γ ′ = (Γ −⋃ni=2Bi)⋃ni=2 αi . Since
Γ ′ contains a knot equivalent to K1, b∗(Γ ′) b∗(K1)= s1. Thus, we have
b∗(Γ )= bˆ(Γ ) = bˆ(Γ ′)+ bˆ(Γ |B2)+ · · · + bˆ(Γ |Bn)
 s1 + (s2 − 1)+ · · · + (sn − 1).
This completes the proof. ✷
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